
COMPLETE ANALYSIS OF MISeRE GAMES 

In this chapter we will prove a theorem which will allow us to extend the information 
from the generalized genus algorithm to a complete solution of certain mis2re games. We 
will conclude by applying this method to several particular games. 

Guy and Smith [lo] have shown that for certain nimlike games in normal play, once we 
have verified that the nim values of the various heaps repeat to a certain point, that they 
will continue to repeat, and we can claim a complete solution. I will review this theorem 
here, and apply the same technique to games with misdre play. 

Theorem V (Recurrence of normal Grundy values) (Guy and Smith) 

For some octal game (i.e., a nim-like game where the rules allow the players to remove 
some counters from a heap, and/or to split the remaining heap into two smaller heaps), 
denote a heap of n counters by H,. Let T be the maximum number of counters which may 
be removed from a heap. We insist that r be finite. If there exist some integers m and s 
such that for any i with m < i 5 2m + s + T ,  Hi = Hi+s, then for i > m, Hi = Hi+.=?. 

Proof. Suppose the result is not true: then let t be the smallest integer ( t  > m) such 
that Ht # Hi+,. We know that t > 2m + s + T .  

For any j 5 r ,  if the rules allow a player to remove j counters without splitting a 
heap, then the options of Ht include Ht-j and the options of Ht+, include Ht+,-j. Since 
m < t - j < t ,  H t - j  = Ht+,-j, and these options are equal. 

If the rules allow a player to remove j counters without splitting a heap, then the 
options of Ht include 

and the options of include 
t - j + s  

Hn +Ht+s-j-n 15 n 5 I - 1  
For n 5 [YJ, we have t - j - n 2 191 > m, and t - j - n < t ,  so we have that 
Ht-j-, = Ht+s-j-n,  and the options of Ht are included in those of Htfd. 

For n 5 LVJ, we have 
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We have a strict inequality on the last line because t > 2m + s + r and %$@ is an 
integer. 

Now m < t - j - n < t ,  so Ht- j -n = Ht+s-j-n and for every option of Ht+s there 
is an equal option of H t .  

For 0 5 j 5 r the options discussed above are all the options of Ht and Ht+s,  so we 
have Ht = Ht+B. W 

Now we adapt this theorem for miskre play. We could use this theorem verbatim 
for miskre play, but it requires that we find several games to be equal. This very rarely 
happens with miskre games, so this would not be of much use. For this reason we will 
work this out using I instead of =. 

Theorem VI. (recurrence of miskre values). 

For some octal game, let Hn be the heap of n counters, and let r be the maximum 

If there exist integers m and s such that for i with m < i 5 2m + s + 7 ,  Hi 

Proof. Let t be the smallest integer (t > m) such that 

number of counters ( r  finite) which may be removed from a heap. 

((heaps up to  2m + 2s + r)), then for i > m, Hi = Hi+s 
Hi+s 

((all heaps)). 

We know that t > 2m + s + r .  The argument of Theorem V shows that for any option H; 
we can find an option H;+s such that 

H; E Hl+s ((heaps up to s + t - 1)) 

and vice versa. 
Now I claim that 

n - Ht z n - Ht+s ((heaps up to s + t - 1)) for all n 2 0 

If not, let k be the least integer such that 

k - Ht $ k - Ht i s  ((heaps up to s + t - 1)) 

That is, there is some s E (heaps up to s + t - 1) such that 

w + k * H t + w + k . H t + S  

Choose w simplest with this property. The options of the left hand side are 

W' + k * Ht 
and 

w + H i  + ( k  - 1) - Ht 

w' + k . Ht - w' + k - H,+t by minimality of w .  
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A CATALOGUE OF OCTAL GAMES 

The following table records the status of our knowledge of two-digit octal games. This 
information is condensed from chapter 13 of Winning Ways and the analysis presented in 
this work. 

0 1 2 3 4 5 6 7 
.O nim nim nim nim mess nim mess mess 
.1 nim nim nim nim mess mess mess mess 
.2 nim nim nim nim nim nim done copy 
.3 nim tame nim nim done big mess mess 
.4 copy copy copy copy copy mess copy copy 
.5 nim nim tame done done nim tame copy 
.6 copy copy copy copy mess copy copy copy 
.7 nim done done tame mess done mess mess 
4. nim nim nim tame copy nim copy done 

NIM - Every position is mis6re equal to a nim position, hence we can use the theory for 
normal play to determine the outcome. 

TAME- Every position is tame, as defined in WW chapter 13. 

COPY- The genus information of these games appears in some other game: according 
to the copy table on page 44. All examples of COPY are examples of concepts 
defined by Guy and Smith [lo]. 

DONE- A complete solution has been obtained for several games, as described on pages 
44-47. 

BIG - For the game 0.35 I have done computations too extensive for the format of 
appendix 11, but have obtained no complete solution. A partial solution appears 
on page 48. 

MESS - The genus sequences show no obvidus pattern which would allow us to conjecture 
a complete solution. In these cases, we must settle for an incomplete analysis as 
presented in appendix 11. 

- DONE - 
For many of the octal games: the computed outcomes suggested patterns which have been 
proven to exist. The case 4.7 was treated in detail in the last chapter, and the cases 0.75, 
0.72, 0.54 and 0.53 rely upon theorem VI. The solutions for 0.34 and 0.71 are due to Jim 
Flanigan, and are reprinted here from Winning Ways. 
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.27(n) = .26(n) 

.40(n) = .07(n - 1) 

.41(n) = .17(n - 1) 

.42(n) = .07(n) 

.43(n) = .17(n - 1) 

.44(2n + 2) = .44(2n + 1) = .77(n) 

.46(2n + 2) = .46(2n + 1) = .77(n) 
.47(n) = .45(n) 

.57(2n) = .57(2n - 1) = 4.7(n) 

.6O(n) = .37(n - 1) 

.61(n) = .37(n - 1) 

.62(n) = .37(n - 1) 

.63(n) = .37(n - 1) 

.65(n) = .64(n) 

.66(n) = .64(n) 

.67(n) = .64(n) 
4.4(n) = .77(n - 1) 
4.6(n) = .77(n - 1) 

A line of the form .ab(n) = .cd(m) means that a heap of m counters 
playted according to the rules of .cd is equal in mis2re play to a heap of 
n counters played according to the rules of .ab. 

Fig. 1 - The COPY table 

The game 0.26 

We state the solution in terms of the tameness t (n)  and wildness w(n)  of a heap of n 
counters as given by the following table : 

n = 0 1 2  3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 ... 
t ( n ) = 0 0 0 1 1 0 0 1 1 2 2  5 3 6 4 7 5 8 6 9 7 ... 

w ( n ) = 0 0 0 0 0 0 0 0 0 1  1 2 0 3 1 4 2 5 3 6 4 ... 
For large even n, t(n) = - 6. For large odd n, t (n)  = 9 and 

For a .26 position, let no L: nl 2 . . . > 0 be the number of counters in each heap. We 
may assume that every heap has at least one counter, since no play is possible from a heap 
with no counters. 

- 3 and w ( n )  = 
n- 1 w ( n )  = -7 - 3. 

Let A = w(no) - Ct(ni) 

The outcome of a position is determined by the following rule: 

If every heap has 1, 2, 5 or 6 counters, then it is a Pposition iff and only if there is 
an  odd number of heaps, 01 s:?e 2 o c  6 

If there is any heap of some other size, then 

t>o 

* n0z-J 5 - h  :: 0 

@OSD-*I  3-b 

A 5 0 * o ( K )  = P i f H h m d 3  are both even 
A = 1 =+ o(K)  = U 
A L: 2 = +  o(K)  = P iff -d 

The proof of this is similar in nature to the proof given in the text for the game of 
Knots (4.7). 
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The game 0.75 

In the following table, r = { :0, :2,  :3, :4}, genus (#313). 
We can pretend that the heaps of .75 equal adders or r according to the following 

table : 

0 1 2  3 4 5 6 7 8 9 10 11 
0 1 2 1 2 r 2 r 2 5  2 5 ... 

The last two values repeat indefinitely. We can pretend that r + r = :4 .  

The game of Knots (4.7) 

We state the solution in terms of the tameness t (n)  and wildness w ( n )  of a string of 
n knots as given by the following table: 

n = 0 1 2 3 4  5 6 7  8 9  ... 
t ( n )  = 0 0 1 0 1 2  3 4  5 6  ... 

w ( n )  = 0 0 0 0 0 1 0 1 2 3 . . . 

For n _> 3, t (n )  = n - 3, for n > 6,w(n)  = n - 6. 
For a Knots position K ,  let no _> n1 2 . . . > 0 be the number of knots in each string. 

W‘e may assume that every string has at least one knot, since no play is possible form a 
string with no knots. 

Let A = w(n0)  - Ct(ni) 
E ( K )  = number of strings with an even number of knots 
D ( K )  = number of strings with an odd number of knots 

i > O  

The outcome of K is determined by the following rule: 

If every string has length 1 or 3, then A’ is a P position if and only if there is an odd 
number of strings. 

If there is any string of some other length, then 

A 5. 0 + o ( K )  = P iff E and D are both even 
A = 1 =+ o ( K )  = N 
A 2 2 =+ o ( K )  = P iff E and D are both odd 
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APPENDIX I - GENUS SEQUENCES OF OCTAL GAMES 

How to read Appendix I 
Each column refers to a different octal game. The entry in row n is the blurry genus symbol of a heap of n 
counters, played according to the rules of the octal game associated with the column. A * before a genus 
symbol indicates that ,  the position is equal to a nimheap, although some positions without stars are also 
nimheaps. 

Games for which a complete analysis (or a complete reduction to the normal case) appears in WW are 
not included. 
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heap 
size 0.04000 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
% 
47 
48 
49 
50 

* O(1202) 
* O( 1202) 
* O(1202) 
* O(1202) 
* l(0313) 
* l(0313) 
* l(0313) 
* 2(2020) 
* Z(2020) 
* O(1202) 
* 3(3131) 
* 3(3131) 
* l(0313) 
* l(0313) 
* l(0313) 
* O(1202) 

4( 1### ) 
3( 1#3l) 

* 3(3131) 
* 3(3131) 

2( 0#20 ) 
* 2(2020) 
* 2(2020) 

4( 1### ) 
4( 1###) 
O( 1202 ) 
5( O # # #  ) 
5 ( 0 # # # )  
2( 0#20 ) 

* Z(2020) 
* 2(2020) 

3( 1#31) 
3( 3131 ) 
O( 3131 ) 
5( O # # #  ) 
O( 0202 ) 
1( 0313 ) 
1( 1313 ) 
1( 1313 ) 
3( 1#31) 
3( 3131 ) 
3( 3131 ) 

6( 2020) 

4( 1### ) 
1( 1313 ) 
O( 1202 ) 
5 ( 0 # # # )  
5(  O # # #  ) 
6( O # # #  ) 

5( 0#20 ) 

4( # # # # )  

0.06000 

* O(1202) 
* O(1202) 
* O(1202) 
* l(0313) 
* l(0313) 
* Z(2020) 
* 2(2020) 
* O(1202) 
* 3(3131) 
* l(0313) 
* l(O313) 
* 2(2020) 

2( 1#20 ) 
3( 1#31) 

* S(3131) 
4 ( 0 # # # )  
4( O # # #  ) 
O( 2020 ) 
5(1###) 
3( 1#31) 
3( 3131 ) 
4 ( 0 # # # )  
2( 0#20 ) 
2( 2020 ) 
1( 1313 ) 
1( 1313 ) 
3( 3131 ) 
O( 0202 ) 
2( 0#20 ) 
2( 2020 ) 
1( 1313 ) 
1( 1313 ) 
4( # # # #  ) 
4( o### ) 

5( # # # #  ) 
2( 1#20 ) 

4( # # # # )  

5 ( 0 # # # )  

6( 1### ) 

7 (  O # # #  ) 
5( O # # #  ) 
8( # # # # I  
1( 1313 ) 
2( 1#20 ) 
2( 2020 ) 
O( 0202 ) 
3( 0#3l) 
1( #313 ) 
1( 1313 ) 

O c t a l  game 
0.07000 

* O(1202) 
* O(1202) 
* l(0313) 
* l(0313) 
* 2(2020) 
* O(1202) 
* 3(3131) 
* l(O313) 
* l(O313) 
* O(1202) 

3( 1#3l) 
* 3(3131) 

2( 0#20 ) 
* 2(2020) 

4(1###) 
* O(1202) 

5(0###) 
2( 0#20 ) 

* 2(2020) 
3( 1#31) 

* 3(3131) 

1( 0313 ) 
1( 1313 ) 
3( 1#31) 
O( 3131 ) 

1( #313 ) 
1( 1313 ) 
O( 1202 ) 
4(0###) 
5(0###) 
2( 2020 ) 
7 (  1### ) 
4( # # # # )  
O( 0202 ) 

2( 1#20 ) 

O( 0202 ) 

2( 0#20 ) 

1( 0313 ) 
1( 1313 ) 

O( 3131 ) 
3( 0#31) 
1( #313 ) 
1( 1313 ) 
O( 1202 ) 
3( 3131) 
3( 0#31) 
2( 2020 ) 
2( 1#20 ) 
4( +I###) 

* 
* 
* 
* 
* 
* 
* 
x 
* 
* 
* 
* 
* 

0.14000 0.15000 

O( 1202 ) 

O( 1202 ) 
O( 1202 ) 

O( 1202 ) 
2( 2020 ) 

2( 2020 ) 
2( 2020 ) 

O( 1202 ) 
4( # # # #  ) 

1( 0313 ) 

1( 0313 ) 

1( 0313 ) 

1( 0313 ) 

* l(0313) 
4( 1### ) 

1( 3131 ) 
4( # # # # )  

2( 1#20 ) 
* 2(2020) 

2( 1#20 ) 
O( 0202 ) 
1( 0313 ) 
O( 1202 ) 
4 ( 0 # # # )  
1( 3131 ) 
2( 2020 ) 
6( ZO## ) 
1( 3131 ) 
6( ####  ) 
4(0###) 
1( 3131 ) 
4( 1### ) 
O( 0202 ) 
1( 3131 ) 
O( 2020 ) 
2( 2020 ) 

2( 20## ) 

4( # # # # I  

4( # # # # )  

2( 20## ) 
2( # # # # )  

1( 3131 ) 

1( 3131 ) 

6(0###) 
1( 1313 ) 

4( O # # #  ) 
1( 1313 ) 

6( # # # # )  
1( 31#3 ) 

1( 1313 ) 

* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
x 
* 
* 

O( 1202 ) 
1( 0313 ) 
1( 0313 ) 

1( 0313 ) 
1( 0313 ) 

O( 1202) 

2( 2020 ) 
2( 2020 ) 

2( 2020) 
2( 2020 ) 

1( 0313 ) 

1( 0313 ) 
1( 0313 ) 

* O(1202) 
1( #313 ) 
1( #313 ) 

* 2(2020) 
* 2(2020) 

1( 2020 ) 
* 2(2020) 

2( 1#20) 
1( #3l3 ) 
1( #3l3 ) 
O( 1202 ) 
1( #313 ) 
1( #313 ) 

* Z(2020) 
2( 1#20) 
1( 2020 ) 
2( 1#20) 
2( 1#20) 
1( 1313 ) 
1( #313) 
O( 1202) 
1( #313 ) 
1( #313 ) 
2( 2020 ) 
2( 1#20) 
1( 2020) 
2( 1#20 ) 
2( 1#20) 
X'( 1313 ) 
l( #313 ) 
O( 1202 ) 
1( #313 ) 
1( #313 ) 
2( 2020 ) 
2( 1#20) 
1( 2020 ) 
2( 1#20 ) 
2( 1#20 ) 
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heap 
size 0.04000 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 

6 5- 
L L  

i ?  
f, Y 
,: ci 
7 2  

71 

' b  
- -  
7 3 

octal game 
0.06000 0.07000 0.14000 0.15000 

1( 1313 ) 
1( #313 ) 
O( 1202 ) 
1( #313 ) 
1( #313 ) 
2( 2020 ) 
2( 2020 ) 
1( 2020 ) 
2( 2020 ) 
2( 2020 ) 
1( 1313 ) 
1( #313 ) 
O( 1202 ) 
1( #313 ) 
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heap 
s i ze  0.16000 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

* O(1202) 

* O(1202) 
* O( 1202) 

* 2(2020) 
* 2(2020) 
* l(O313) 
* 4(####) 
* O(1202) 

4( # # # # )  
2( 1#20) 
1( 2020) 
4( 20## ) 
O( 1202 ) 

2( 1###) 
1( # # 2 0 )  
4( 2020 ) 
2( 1### ) 
1( # # # # I  

2( 1###) 
1( # # # # )  

2( 1#20) 
1( 2020) 
4( 0313 ) 
5( 1###) 

4( 0313 ) 

* l(0313) 

* l(O313) 

* l(0313) 

1( 0313 ) 
4( 0313 ) 

O( 0313 ) 

4( 0313 ) 

1( #202 ) 

2( 1### 
1( # # # # I  
4( 2020 ) 
2( 20##) 
1( #202 ) 
4( 0313 ) 
2( 1313) 
3( 1###) 
4 ( 0 # # # )  
2( 2031) 
3( 2020) 
4( # # # # )  
2( #313 ) 
3( 1### ) 
4( O # # #  ) 
2( #313) 
3(1###) 
4( 2020) 

0.17000 

* O( 1202) 
* l(0313) 
* l(0313) 
* O(1202) 
* 2(2020) 
* l(0313) 
* 3(3131) 

* l(0313) 
* l(O313) 

3( 1#31) 

* O(1202) 

* 2(2020) 
2( 0#20) 

* 3(3131) 
4( 1###) 

* l(O313) 
5 ( 0 # # # )  
3( 1#3l) 

* 2(2020) 
2( 0#20) 

* 3(3131) 
1( 1313 ) 
1( 0313 ) 

3( 1#31) 
O( 0202 ) 

1( 2020) 
2( 0#20) 
O( #202 ) 
1( 1313 ) 
1( 0313 ) 
4( O # # #  ) 
4( 1### ) 
2( 2020 ) 
6( O # # # )  
4( # # # # )  
1( 1313 ) 
1( 0313 ) 
O( 0202 ) 
2( 1#20) 
1( 2020 ) 
3( 0#31) 
O( #202 ) 
1( 1313 ) 
1( 0313 ) 
3( 3131 ) 
2( 1#20) 
2( 2020 ) 
3( 0#31) 
4( # # # # )  
4( 1### ) 
5 (  O### ) 

Octal game 
0.26000 0.35000 

O( 12020202 ) 
O( 12020202 ) 
1( 03131313 ) 
2( 20202020 ) 
3( 31313131 ) 
O( 12020202 ) 
1( 03131313 ) 
2( 20202020 ) 
3( 31313131 ) 
O( #2020202 ) 
1( #3131313 ) 
2( 0#202020 ) 
3( 31313131 ) 
O( 20#20202 ) 
1( #3131313 ) 
2( 020#2020 ) 
3( 1#313131) 
O( 2020#202) 
1( 31#31313 ) 
2( 02020#20 ) 
3( 131#3131) 
O( 202020#2 ) 
1( 3131#313 ) 
2( 0202020# ) 
3( 13131#31) 

* O(1202) 

* 2(2020) 
O( 0202 ) 
1( 2020 ) 
O( 0202 ) 
2( 2020 ) 
1( 0202 ) 
2( 2020 ) 
O( 0202 ) 
1( 2020) 
O( 0202 ) 
2( 2020 ) 
1( 0202 ) 
2( 2020) 
O( 0202 ) 
1( 2020 ) 
O( 0202 ) 
2( 2020 ) 

2( 2020) 
O( 0202 ) 

O( 0202 ) 
2( 2020 ) 

2( 2020) 

* l(0313) 

1( 1313 ) 

1( 1313 ) 

1( 1313 ) 

4 



heap 
size 0.36000 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 

* O(l202) 

* O( 1202) 
* 2(2020) 

* O(1202) 
* 2(2020) 
* l(0313) 

3( 1#3l) 
* 2(2020) 
* l(0313) 

3( 1#31) 
* 2(2020) 

4(0###) 
3( 1#31) 
O( 2020) 
4( O # # #  ) 
3( 1#31) 
2( 2020) 
4( O # # #  
1( 1313 ) 
2( 2020 ) 
3( 0#31) 
1( 1313 ) 
2( 2020 ) 
O( 0202 ) 

2( 2020 ) 
4(0###) 

5( # # # # )  

5( # # # # )  

5(  # # # # )  
2( 0#20 ) 

O( #202 ) 
2( 2020) 

2( # # # # )  

* l(0313) 

* l(O313) 

1( 1313 ) 

1( 1313 ) 

4( O # # #  ) 
1( 1313 ) 

4( O # # #  
1( 1313 ) 

1( 1313 ) 

1( 1313 ) 
3( 3131 ) 

0.37000 

* O(1202) 

* 2(2020) 
* O(1202) 
* l(0313) 
* 2(2020) 

3( 1#3l) 
* l(0313) 

3( 1#31) 
4(0###) 
O( 2020 ) 
3( 1#31) 
4(0###) 

1( 1313 ) 
3( 0#3l) 

1( 1313 ) 

* l(0313) 

* Z(2020) 

2( 2020 ) 

2( 2020 ) 

O( 0202 ) 
2( 2020 ) 

4( O # # #  ) 
5( # # # # I  

5( # # # # )  

2( 0#20 ) 
O( 8202 ) 

2( 2020 ) 

2( # # # # )  

4( # # # # )  
2( #202 ) 

2( 1### ) 

2( 1#20 ) 

1( 1313 ) 

1( 1313 ) 
4(0###) 

1( 1313 ) 

1( 1313) 

3( 3131 ) 
1( 1313 ) 

3( 3131 ) 

3( 31## ) 
4( ##31) 

3( 31#3 ) 
4( ##31) 

octal game 
0.45000 

* O(1202) 
* O(l202) 
* l(0313) 
* l(0313) 
* 2(2020) 
* 2(2020) 
* 3(3131) 
* l(O313) 
* l(0313) 

4( 1### ) 
* 4(####) 
* 3(3131) 

2( 2020) 
2( 2020 ) 
1( 1313 ) 
1( 0313 ) 
4(0###) 
2( 2020 ) 
2( 2020) 
6( # # # # )  
4( # # # # )  
4( # # # # I  
1( 1313 ) 
1( #313 ) 
2( 2020 ) 
2( 2020 ) 
7( # # # # )  
1( 1###) 

4( # # # # )  
4( # # # # I  

2( 2020 ) 
2( 2020 ) 
1( 0313 ) 
1( 1313 ) 
4( # # # # I  
8( # # # # I  
2( 2020 ) 
7( # # # #  
4( # # # # I  

1( 1313 ) 

3( 3131) 

0.53000 

* O(1202) 
* l(0313) 
* l(0313) 
* 2(2020) 
* 2(2020) 

O( 0202 ) 
* 2(2020) 

2( 2020 ) 
4( # # # # )  
O( 0202 ) 

2( 2020 ) 
2( 2020 ) 

* l(0313) 

1( #a13 ) 

1( 0313 ) 
1( 1313 ) 
2( 2020 ) 
2( 2020) 
4( # # # # I  
1( 1313 ) 
1( #313 ) 
2( 2020 ) 
2( 2020 ) 
1( 1313 ) 
1( 1313 ) 
2( 2020 ) 
2( 2020 ) 
4( # # # # )  
1( 1313 ) 
1( 1313 ) 
2( 2020) 
2( 2020 ) 
1( 1313 ) 
1( 1313 ) 
2( 2020) 
2( 2020 ) 
1( 1313 ) 
1( 1313 ) 

0.54000 

* O(1202) 
* l(0313) 
* O(1202) 
* l(0313) 
* 2(2020) 
* 2(2020) 
* 2(2020) 
* 4(####) 
* l(0313) 

1( 1313 ) 
1( #313 ) 

* 2(2020) 
* Z(2020) 

2( 2020 ) 
4( 1###) 
1( 1313 ) 
1( 1313 ) 
1( #313 ) 
2( 2020 ) 
2( 2020 ) 
2( 2020 ) 
4( 1###) 
1( 1313 ) 
1( 1313 ) 
1( #313 ) 
2( 2020 ) 
2( 2020 ) 
2( 2020 ) 
4( 1### ) 
1( 1313 ) 
1( 1313 ) 
1( #313) 
2( 2020 ) 
2( 2020 ) 
2( 2020) 
4( 1### ) 
1( 1313 ) 
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heap 
size 0.64000 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 

* O(1202) 
* O(1202) 

* Z ( 2 0 2 0 )  

* 4 ( # # # # )  

* l(0313) 

* 3(3131) 

* l(0313) 
5(  1### ) 
3( 3131 ) 

1( #313) 
5( 1### ) 

* Z(2020) 

4( # # # # )  
2( I t###)  
6( # # # # I  
8(  # # # # I  
1( #313) 
2( 1### ) 
3( # # # #  ) 
7( # # # # )  
4( # # # # )  
5( # # # # )  
8( 3131 ) 
2( 1313 ) 
9( 2020 ) 
5( # # # # )  
4( # # # # )  
7( ###I#) 

1( # # # # )  

6( 1###) 
8( # # # # I  

0.72000 

* O(1202) 

* O(l202) 
* Z(2020) 

* l(0313) 

* 3(3131) 
* l(0313) 
* O(1202) 
* 2(2020) 
* 3(3131) 

1( #313 ) 
O( 0202 ) 
2( 2020) 
3( 3131 ) 
1( #313 ) 
O( 0202 ) 
2( 1#20 ) 
3( 2031 ) 
1( #313 ) 
O( 0202 ) 
2( 1#20) 
3( 2031 ) 
1( #313) 
O( 0202 ) 
2( 1#20 ) 
3( 2031) 
1( #a13 ) 
O( 0202 ) 
2( 1#20) 
3( 2031 ) 
1( #313 ) 
O( 0202 ) 
2( 1#20 ) 
3( 2031 ) 
1( #313) 
O( 0202 ) 
2( 1#20 ) 

O( 0202 ) 

3( 2031 ) 
1( #a13 ) 

Octal Game 
0.74000 

* O(1202) 

* O(1202) 

* 2(2020) 

* 2(2020) 
* 4(#### )  

* l(0313) 

* l(0313) 

* 3(3131) 

* l(O313) 
4( 1###) 
6(  ####  ) 

* 2(2020) 

2( 2020) 

5(####) 

7 (  ####I) 

5(####) 
1( # # # #  ) 

11( 1### ) 
2( 2020 ) 
6(  # # # # )  
8( 2020) 

* 3(3131) 

1( 1313 ) 

1( 1313) 

6( # # # # )  
8( 2020) 

10( 0313 ) 

4( # # # # I  
5( # # # # I  

6( # # # # )  
2( # # # # I  
1( 2020 ) 
5( # # # # )  
1( 2020 ) 
5(  1313 ) 
6( # # # # I  

10( #313 ) 

0.76000 

* O(1202) 

* O(1202) 
* 2(2020) 

* 4 ( # # # # )  

6( l###) 
* 2(2020) 
* 3(3231) 

4( ####I  
1( #313) 
6(1###) 
7( # # # # I  
3( 3131 ) 
2( 2020 ) 
1( #313 ) 
6( # # # # I  

* l(0313) 

* 3(3131) 

* l(O313) 

7( # # # # )  
5( # # # #  ) 
2( 2020 ) 
8( # # # # I  
9( # # # # )  
6( # # # # )  
5(  # # # # I  
2( 2020 ) 
8( # # # # )  
7( 1### ) 
1( #3l3 ) 

10( # # # #  ) 
4( 20## ) 

7( # # # # )  
3( 3131 ) 

0.77000 

* 0(1202> 

* 2(2020) 
* l(0313) 

* 3(3131) 
* l(0313) 

* 3(3131) 
2( 2020 ) 
1( 1313 ) 
4( O # # # )  
2( 2020 ) 
6( ####I 
4( O # # # )  
1( 1313 ) 

4( 1###) 

2( 2020 ) 
7 (  # # # #  1 
1( 1313) 
4( # # # #  1 
3( 3131 ) 
2( 2020 
1( 0313 ) 
4( # # # #  1 
6(  ####I 
7( ##+I#) 
4( # # # #  1 
1( #313) 
2( 2020 
8( ####I 
5( # # # #  1 
4( ###I#) 
7( # # # #  1 
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heap 
size Octal game 4.70000 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 

* O( 12020202) 

* 2( 20202020) 

* 2( 20202020) 

2( 20202020 ) 

2( 1#202020 ) 

* 1( 03131313 ) 

* 1( 03131313 ) 

1( #3131313 ) 

1( #3131313 ) 

1( 20#31313 ) 
2( 131#2020) 
1( 2020#313 ) 
2( 13131#20 ) 
1( 202020#3 ) 
2( 1313131# ) 
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APPENDIX I1 - GENERALIZED GENERA FOR MESSY GAMES 

How to read Appendix I1 
Each column in the appendix is devoted to a different 2-digit octal game, and gives the blurry genus sequence 
of any linear combination of the heaps which are listed in that column. Each column is independent; this 
appendix makes no claims about sums of games in different columns. 

For heaps which equal small nimheaps, the entry looks something like this: 
2 *3 
This indicates that a heap of 2 counters is equal to a nimheap of 3 counters. 
For other heaps, the entry looks something like this: 
h a, period p(s) 
This means that we can replace the heap of h counters by the game called ‘u’, and use the pretense that 

We tabulate all linear combinations of the games a, b ,  c, . . . in each column, after the above pretenses 

For an example of how to use this table, suppose that we are playing Dawson’s Kayles (octal code .07) 

21 17 12 10 7 4 
Look up .07 in Appendix IT. The first part of the table tells us that the heaps of sizes 7 and 4 equal 

Look up 12 and 17. The relevant lines are 
12 b, period 2(0) 
17 b, period 2(0) 
We see that we can pretend that b + b = 0, so we may ignore these two heaps. 
The heap of size 10 is the game called ‘u’, the heap of size 21  is called ‘e’. 
We look up the line in the second part of the entry for .07 which has a ‘1’ under the headings ‘a’ and 

‘e’, and find that the genus is (3131). Since the other two heaps (7 and 4) add up to *3, we find that this 
sum is a P position. 

In the table for .16, for the sake of brevity I have not printed the lines concerning 5 ,  4 and 3 heaps of 
size 8 or 10 except where they disagree with the corresponding lines for 1,2 and 1 heaps respectively. 

In the tables for .45 and .77, I have observed that certain heaps behave like adders, and have consolidated 
the tables accordingly, noting which adders the heaps resemble. 

.07 is called Dawson’s Kayles ,  and was analyzed by him. 

.77 called Kayles ,  was introduced by Dudeney [6] and Loyd 1111. 

( p + s )  a = s . u  

have been considered. 

and we are presented with the following position: 

nimheaps of sizes 1 and 2 respectively. 
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0.04oO0 

1 *o 
2 *o 
3 *o 
4 *1 
5 "1 
6 *1 
7 "2 
8 *2 
9 *o 

riod 2( 0 )  
riod 2( 0 )  

20 c, period 2 ( 0 )  
21 *2 
22 *2 
23 
24 
25 

octal game 
0.06OoO 

1 "0 
2 *o 
3 *1 
4 *1 
5 "2 
6 *2 
7 *O 
8 *3 
9 *1 
10 *1 
11 *2 

0.07000 

d, period 2 ( 0 )  
17 b, period 2( 0 )  
18 '2 
19 a, period 2( 0 )  
20 *3 
21 e, period 1( 1)  

edcba 

OOOM) ( 1202 ) 

1 



0.04000 

octal game 
0.06000 0.07000 

11011 ( # # # # )  

11101 ( 2020)  

11111 ( 0 2 0 2 )  

11100 ( 1313 ) 

11110 (3131) 

2 



0.14000 

1 *1 
2 *o 
3 *o 
4 "1 
5 *o 
6 *2 
7 *1 
8 *2 
9 "2 
10 *1 
11 *o 
12 a, period 2( 2) 
13 *1 
14 b, period 2(0) 
15 a, period 2( 2) 
16 c, period 2( 2) 

cba 

000 (1202) 
001 ( # # # # )  
002 (0202) 

010 (1###) 
011 ( 2020) 
012 ( # # # # )  

101 ( # # # # )  

110 ( # # # # )  

112 ( # # # # )  

200 (0202) 
201 ( # # # # )  
202 (0202) 

210 ( # # # # )  
211 (0202) 
212 ( # # # # )  

003 ( # # # # )  

013 (0202) 
100 (3131) 

102 (1313) 
103 ( # # # # )  

111 (1313) 

113 (1313) 

203 ( # # # # )  

213 (0202) 
300 (1313) 
301 ( # # # # )  
302 (1313) 
303 ( # # # # )  
310 ( # # # # )  
311 (1313) 
312 ( # # # # )  
313 (1313) 

0.15000 

1 *1 
2 *1 
3 *O 
4 *1 
5 *1 
6 "2 
7 "2 
8 *1 
9 *2 
10 *2 
11 "1 
12 *1 
13 *O 
14 a, period 2( 2) 
15 a, period 2( 2) 
16 "2 
17 *2 
18 b, period 2(2) 
19 *2 
20 c, period 2( 0) 

cba 

000 (1202) 

002 (0202) 

010 (2020) 

012 (2020) 

020 (0202) 

022 (0202) 

001 (#313) 

003 (1313) 

011 ( 3131) 

013 (3131) 

021 (1313) 

023 ( 1313 ) 
030 (1313) 
031 (0202) 
032 (1313) 
033 (0202) 

101 (3131) 

103 (3131) 

111 (1313) 

113 (1313) 

121 (3131) 

123 (3131) 

100 (1#20) 

102 ( 2020) 

110 (0202) 

112 (0202) 

120 (2020) 

122 (2020) 

0.16000 

1 *1 
2 "0 
3 "0 
4 *1 
5 *2 
6 *2 
7 "1 
8 a, period 2(4) 
9 "0 
10 *1 
11 a, period 2(4) 
12 b, period 2(0) 
13 c, period 2(2) 

Cba 

000 ( 1202 ) 
001 ( # # # # )  
002 (0202) 
003 ( # # # # )  
004 (0202) 
005 ( # # # # )  
010 (1#20) 
011 ( 20## ) 
012 (##20) 
013 (1###) 
014 ( 2020) 
015 ( # # # # )  
100 (2020) 
101 ( # # # # )  

110 (0202) 
111 ( # # # # I  
112 (3131) 
200 (0202) 
201 ( # # # # )  
202 (0202) 
210 (2020) 
211 ( # # # # I  
212 ( 2020) 
300 (1313 ) 
301 ( # # # # )  
302 (1313) 
310 (3131) 
311 ( # # # # )  
312 (3131) 

102 (1313) 
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0.17000 

1 *1 
2 "1 
3 *O 
4 *2 
5 *1 
6 "3 
7 "0 
8 *1 
9 "1 
10 a, period 2( 0) 
11 *2 
12 b, period 2( 0) 
13 *3 
14 c, period 2(0) 
15 *1 
16 d, period 2(0) 
17 a, period 2( 0) 
18 *2 
19 b, period 2( 0) 
20 *3 
21 e, period 2(1) 

edCba 

00000 (1202) 

00010 ( 0#20) 

00100 (1###) 
00101 ( 1### ) 
00110 t o # # #  ) 
00111 ( o### ) 
01000 ( O # # # )  
01001 ( o### ) 
01010 (1###) 
01011 ( 1### ) 

01101 ( 0 # 2 0 )  

01111 (1202) 

10001 (2020) 

10011 (0202) 
10100 ( # # # # )  
10101 ( # # # # )  
10110 ( # # # # )  
10111 ( # # # # )  
11000 ( # # # # )  
11001 ( # # # # )  
11010 ( # # # # I  

00001 (1#31) 

00011 (0313) 

01100 (0313) 

01.110 ( 1#31) 

10000 ( 1313 ) 

10010 (3131) 

Octal game 
0.36000 

1 *1 
2 "0 
3 "2 
4 "1 
5 *o 
6 *2 
7 "1 
8 a, period 2( 0) 
9 *2 
10 *1 
11 a, period 2( 0) 
12 "2 
13 b, period 2 ( 0 )  
14 a, period 2( 0) 
15 c, period 1( 2 ) 
16 b, period 2( 0) 

cba 

000 ( 1202 ) 

010 ( O # # # )  
011 ( O # # # )  
100 (2020) 

110 ( # # # # I  
111 ( # # # # )  
200 (0202) 

210 ( # # # # )  
211 ( # # # # I  

001 (1#3l) 

101 (#313) 

201 (3131) 

0.37000 

1 *1 
2 *2 
3 *o 
4 *1 
5 *2 
6 a, period 2( 0) 
7 "1 
8 *2 
9 a, period 2(0) 
10 b, period 2 ( 0 )  
11 c, period 1( 2 ) 
12 a, period 2(0) 
13 b, period 2(0) 

Cba 

O W  ( 1202 ) 

010 ( O # # # )  
011 ( O # # # )  
100 ( 2020) 

110 ( # # # # I  
111 ( # # # # )  
200 (0202) 

210 ( # # # # )  
211 ( # # # # )  

001 (1#31) 

101 (#313) 

201 (3131) 
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0.17000 

11011 ( # # # # )  
11100 (0202) 
11101 ( 3131) 
11110 (2020) 
11111 ( 1313 ) 
20000 (0202) 
20001 ( 3131) 
20010 (2020) 
20011 (1313) 
20100 ( # # # # )  
20101 ( # # # # )  
20110 ( # # # # )  
20111 ( # # # # )  
21000 ( # # # # )  
21001 ( # # # # I  
21010 ( # # # # )  
21011 ( # # # # )  
21100 (1313) 
21101 (2020) 
21110 (3131) 
21111 (0202) 

octal game 
0.36000 0.37000 
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0.76000 
Octal game 

0.77000 

1 *1 
2 *o 
3 "2 
4 *3 
5 a, period 2(1) 
6 "1 
7 b, period 2(0) 
8 *2 
9 *3 

10 a, period 2( 1) 

1 *1 
2 *2 
3 *3 
4 *1 
5 a, period 2(1) 
6 *3 
7 2(1) like :2 
8 2(1) like :5 
9 d, period 2(1) 

da 
ba 

00 (1202) 
01 ( # # # # )  
02 (0202) 
10 (I###) 
11 ( 2020) 
12 ( # # # # )  

00 (1202) 
01 (1###) 
02 (1202) 
10 ( O # # # )  
11 (0202) 
12 ( # # # # I  
20 (1202) 
21 ( # # # # )  
22 (0202) 
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APPENDIX I 1  I 

This system is an implementation of many of the computations 
necessary for the analysis of normal partizan games, as treated 
in Conway, On Numbers and Game s. This system can be used 
interactively as a tabletop calculator for partizan games or as 
a set of utility functions for writing LISP programs to analyze 
whole families of positions. 

The internal representation of a game is transparent to the 
user except for the observation that sums of games are stored 
as sums, rather than working out their options. For example, 
t + t + *  will be stored as t+ t+*  rather than (01 t ) .  This sort of 
convers ion can be made by us ing the function UNSUM (9. v. ) . 

In the list of functions which follows, I will use the words 
game, interval, and thermograph to indicate data types as 
follows : 

game: The internal structure is transparent; the data type 
game corresponds to the concept 'game' as used in ONAG. A game 
can be printed by using PR (q.v.). 

interval: Represented as a list of two pairs of real 
numbers. The first pair indicates the left (high) end of an 
interval of the real number line, the second the right (low) 
end. The second number of each pair is always either 1 or -1; +1 
on the left (high) end of an interval indicates that the 
interval is closed on the left; -1 on the right (low) end 
indicates that it is closed on the right. So the interval ( (1 
1) (-1 1)) is the interval [l, 1) (writing high numbers to the 
left). An interval can be printed in this form by using DISPINT 
(9.v. 1 - 

thermograph: Represented as a list of 
(real-number, interval) pairs. The real-number of each pair 
indicates a temperature while the paired interval indicates 
the confusion interval of the thermograph cooled by that 
temperature. All corners of the thermograph are indicated. A 
thermograph can be drawn by using DRAW (q.v. ) . 

Now follows a list of functions which are available (in 
addit ion to the usual LISP functions) for processing games. 
These will be presented in the following form: 

1 





Eliminates r eve r s ib l e  and dominated moves from each summand 
of g. 

CNUMBERP (g  :game) :boolean 

Returns T i f  g is a number, NIL otherwise. 

CONFINT (g:game): i n t e r v a l  

Return confusion i n t e r v a l  of g. Also g is checked t o  see i f  
it is a number. If so, its i n t e r n a l  represen ta t ion  is changed 
t o  r e f l e c t  t h i s  f a c t .  

DISPINT (g:game) 

Displays t h e  confusion i n t e r v a l  of game g. 

PR (g:game) 

P r i n t s  game g in  l e g i b l e  form. 

KNOW (g  : game, name : a t o m )  

T e l l s  t he  system t o  p r i n t  game g by t h e  name NAME. In 
subsequent c a l l s  t o  PR any occurrence of game g w i l l  be p r in ted  
as NAME. A long l i s t  of known games severe ly  degrades t h e  
performance of PR. The l i s t  of known games can be reset w i t h  
(SETQ gamelist  NIL) .  G a m e s  which w e r e  p r in ted  with names w i l l  
r e t a i n  t hese  names even a f t e r  t h e  known game l i s t  has been 
reset. 

THERMOGRAPH (g  : game) : thermograph 

Returns t h e  thermograph of game g. The last i n t e r v a l  w i l l  be 
t h a t  of a number, which is t h e  mean value of g. 

DRAW (t : thermograph) 

D r a w s  a p i c t u r e  of thermograph t. Some of t h e  information in  
t is not  shown, s ince  i t  doesn ' t  f i t  on t h e  diagram. 
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The following is a sample i n t e r ac t ive  sess ion  with t h e  
game system. Lines which begin with an ! are comments 
t o  explain the  input and output.  

! U s e  t h e  LISP funct ion se tq  and t h e  game funct ion mg t o  def ine  
! t h e  game plus-or-minus-one 
( se tq  pml (mg 1 ! I  -1)) 
WAL: 
((1 G 6 ) )  ' 

! LISP i n s i s t s  on p r in t ing  out  t he  i n t e r n a l  representa t ion.  

! U s e  pr t o  p r i n t  t h i s  game in  a l eg ib l e  form 

EVAL : 

N I L  

(pr  p m l )  

(11-11 

! P r i n t  i ts confusion i n t e r v a l  
( d i s p i n t  pml) 
EVAL: 
[ 1 , - 1 ] N I L  

! and its thermograph 
(draw (thermograph pml) ) 
EVAL : 

0 
1 -1 

/ \ - - - - - - - 
\ / 
\ /  
\ /  

1 Y 
N I L  

! L e t ' s  t r y  a more complicated game 
( se tq  a (mg (mplus 3 p m l )  (mplus 2 pml) ! I  pml)) 
EVAL: 
((1 - G 7 ) )  





N I L  N I L  

(canon nup) 
EVAL : 
(canon nup) 
EVAL: 

" ((1 . G10)) 
i 

(Pr nu€)) 

{ O l 2 * + t }  
EVAL: 

N I L  
! The system knows t h a t  *-*SO, b u t  not  t h a t  *+*SO. 

! W e  can u s e  these  functions t o  w r i t e  programs, too. I 
! w i l l  not  include t h e  source for  t h e  program which 
! produced t h e  following output,  which is j u s t  a f e w  
! l i n e s  of LISP code which compute values for  t h e  game 
! 'baked alaska', which is played w i t h  integer arrays  of 
! squares. A move is for  l e f t  t o  remove a v e r t i c a l  s t r i p  
! of squares ( s p l i t t i n g  t h e  rectangle  in to  one or two 
! smaller rectangles) .  
( a l l  8 )  
EVAL: 

1 
1/2 
1/4 - {  2 I -1/2} 
1/8 1/2 
1/16 - { 1 + { 2 I  -1/2} 1-1/8} 1 
1/32 - {  1/2 14/16} 1/2 
NIL 

I A h i n t  fo r  canonicalizing games; CANON simply 
! removes dominated and revers ib le  options from a game. 
! I t  w i l l  not  detect t h a t  a game is a number. However, 
! when computing t h e  confusion in t e rva l  of a game, i f  it 
! t u rns  out  t o  be a number, then t h e  in t e rna l  
! representat ion is replaced by a much simpler object .  
! CANON is q u i t e  capable of dealing w i t h  t h i s ,  and w i l l  
! perform be t t e r  i f  a l l  reductions of t h i s  kind have been 
! done. Hence it is a good idea t o  ask for  t h e  confusion 
! i n t e rva l  for a game before asking fo r  its canonical 
! form ( t h i s  w a s  done by t h e  program which worked out  
! baked alaska) . 
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